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Abstract- In this paper taking a static cylindrically symmetric perfect fluid distribution in Einstein-
Cartan theory we have solved the field equations using a suitable equation of state and by choosing a
specific form for one of the metric potentials. We have assumed the spins of all the individual particles
composing the fluid to be aligned along the symmetric axis. Pressure and density have been calculated
and the constants appearing in the solution have been evaluated using boundary conditions.
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1. INTRODUCTION

The discovery of Pulsars which gave a big impetus to the developments in relativistic astrophysics,
particularly in the theory of neutron stars. Since the rotating neutron star model for a pulsar seems to be
almost undisputed (Borner [1]), it is now essential to study the possible interval structure of neutron stars
with respect to gravitation and the associated geometry of space time therein. It is seen through
observations that a very high magnetic field is associated with them in comparison with any other compact
objects in the universe. It is not unlikely that this magnetic field might induce a spin polarization of the
neutrons composing the fluid of a neutron star. In 1973, Kerlick [4] studied that the pure torsion effects in
neutron star is unobservable compared to those of magnetic dipole interactions. It is probable in the case
when spins are aligned that there would be a substantial non zero spin density which would then play along
with the mass density, a dynamical role in influencing the geometry of space time containing the fluid. One
can study such problems in the framework of Einstein-Cartan theory.

Prasanna [13] has considered a study of static fluid spheres in E-C Theory as an attempt to
investigate whether Einstein-Cartan theory admits self gravitating fluid systems. Static fluid spheres in
Einstein-Cartan theory have been also studied by Kerlick [5], Kuchowicz [6-9], Skinner and Webb [16]
and Singh and Yadav [15], whereas Yadav and Prasad [19] have studied non static perfect fluid spheres
with conformal flatness. However, since in spherical symmetry it is assumed that spins are all aligned in
radial direction (implying the presence of a magnetic monopole at the centre) the picture is not very
physical. Further, as a rotating system cannot be spherical, naturally it seems desirable to study axi-
symmetric distributions which are more physical. Keeping this fact in mind Prasanna [14] and Yadav et. al.
[20] have considered the simplest axi-symmetric system namely a static cylinder of perfect fluid in
Einstein- Cartan Theory.
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Here in this paper taking a static cylindrically symmetric perfect fluid distribution in Einstein-
Cartan theory we have solved the field equations using a suitable equation of state and by choosing a
specific form for one of the metric potentials. We have assumed the spins of all the individual particles
composing the fluid to be aligned along the symmetric axis. Pressure and density have been calculated and
the constants appearing in the solution have been evaluated using boundary conditions.

2. METRIC AND THE CURVATURE

Here we take the ststic cylindrically symmetric metric given by

(2.1) ds? = —e?* 2P (dr2 +dz? ) —r’e*?Pd¢® +e*Pdt?
Where oo & [3 are functions of r alone.

Following Trautman [17] we introduce a set of coframes 0' and the torsion 2 from &' defined as

(2.2) @' =do' +w'
— %Q;ﬁke" A~ OF
Where w; are connection 1-forms such that
(2.3) w, =16
and Q. is the torsion tensor.

The curvature two from Q] is defined as

(2.4) Q =dw, +w, AW
= %R;klek NG
and
(2.5) Q;k - S;Q}k - SLQL - _kS;:k

where R! s the curvature tensor and S;k is the spin tensor.
J

The classical description of spin is defined by the relation

(2.6) Si. =u'S, with Sjkuk =0
Where u' is the velocity for vector and S, Is the intrinsic angular momentum tensor.

For the metric (4.2.1) we have the orthonormal tetrad

(2.7 0' =e*“Pdr, 6° =re Pd¢, 6° =e*Pdz, 6* =ePdt

The metric (4.2.1) now become
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(2.8) ds* =—{(6")" +(6%) +(6°) —(6")*}
So that
g, = —diag(—1,—1,—1,1)
We suppose that the spins of the individual particles composing the fluid are all aligned along the
symmetric (z-axis).
Therefore, the only non zero components of the spin tensor s, are
(2.9) S,, =—S,, =K(say)
Also since the fluid distributions is static the velocity for vector u' =&} and hence the non-zero
components of Si. are
(2.10) S, =-S5, =K
Therefore, from the Cartan equation (4.2.5), we have the non zero components of torsion tensor Q;jk to be
(2.11) Qf, =—Qi =—kK
the others are zero.

Using (4.2.11) in (4.2.2) we get the torsion 2 - form &' to be

(2.12) ®'=0, ® =0, ® =0, ®* =—kK(0' ~0?)
The components of connection 1 — form W; are found to be

B—a
Lo w?= er (1-Tp)6’ +%kk94

(2.13)

w, =w; =e’*p'o* +%kK92

S
[

f=wi = —leel
2

4 2
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The non zero components of curvature form Q} are obtained as

(214 ol —_or - [e“ﬁ“) [B"+ﬁ—a's'+ B'}iszz]
r r

(o /\92)+%k[e‘3ﬂ (K +2Kp* )](91 ~0%)

ol =03 [ez(‘“") (B"— oc"):|(91 ~0?)
Q5 =—0F Z[eZ(B_a)[B—%j(a'—ﬁ')J(ez ~6%)
+|:%kKeB“ (OL—B)](94 ~O%)
Ol =0 :|:e2('3_°°) (B"+B'2—B'a')+%k2K2:|
(61 A94)+%keB_O‘K(91 /\92)
Q2 =—Of :[ez(ﬁ_“)ﬁ'[l—ﬁ'j lkZKZJ(e2 NG
+ 2 r 4

QF =03 =[P IB(B—a) |(0* ~0%)

_[%kKeB—a (OL_B'):|(92 ~0%)

Comparison of these results with

Q! —1Rri,0% A0
2

jk1

Immediately yields the following components of the Reimann tensor R}kl as

(2.15) R},, =™ [B"—B'w o b j+%k2K2

214

R}, = %ke’s‘* (K'+2KkB")
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R}, =e*" (B "+2B"—B o)+ %kZKZ

RY —eXr (B _ge ) Lyoge
224 r 4
RS, =™ B'(B'—a’)

RY . = —%kKeB“ (a'—B")

3. THE FIELD EQUATIONS

Considering the perfect fluid material distribution with anisotropic pressure, the symmetric energy

—i . .
momentum tensor T; is given by

(3.1) T, = diag{—p,,—Pp,,—P,.P}
The Einestein-Cartan field equations are
(3.2) G! =R! _lrst — ke
2 J J
(3.3) Q;k - S;Qik — SLQ}1 = _kS;k

Where R, IS Ricci tensor, R is scalar of curvature and t} Is canonical asymmetric energy momentum

tensor.

The canonical asymmetric energy momentum tensor is given by
i e 1 i

(3.4) t) =T, + 8", S},

The non zero components of the canonical tensor t]i_ are

(3.5) ti =Ti1=—p,

tz =T2 = —P,
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z

—4
tz =Tas=p
t = %KeB_O‘B'
1
t? = =Kef B’
1= Ke"p
Using equations (3.2) and (3.5) the field equation may be written as (Prasanna [14])
(3.6) (P~ [2[3"—a"+ ZEN —B'2J+lk2K2 =—kp
r 4
(37) 2P [B'Z - ij Cliege _ gp
r 4
(3.8) e*P=) (—a —pB )— %szz =kp,,
(3.9) 22 [_sz +i'j ek —kp,
r 4
(3.10) e’ ) (K'+ Ka'-KB') = —ke" ™
(3.11) e ) (K'+ Ka'+ KB') = kel B’

Adding (3.10) and (3.11), we get
(3.12) K'+Koa'=0

Which on integration gives

(3.13) K=He <
Where H is an arbitrary constant to be determined. The conservation equation for J = 1 gives the continuity

equation.

(3.14) %+(p+pr)ﬁl—(pr_p¢)[l3'_%j

~(B—a)(p, —P,) =~ KK(K+ kp)

setting 1k = — 27 with G=1,c=|
C

We can write the field equation as

(3.15) 87p = 1672K? + 2P ) [2[3"—&"+2—B'—l3'2j
r
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(316) 8ﬂ:pr — _8npz = 167.52K2 —+ ez(B—a) [i' _ szj
r
(317) 8Tl:p¢ — 16TC2K2 + eZ(B*OL) (au+ BIZ )

Following Hehl’s approach [2, 3] by redefining pressure and density as
(3.18) p=p-—2nK?, p=p—21K?

The field equations reduce to

G190 amp et (2o 2 )
r

(3:20) 8np, =—8np, =" [i —B'Zj
r

(3.21) 87'Cp_¢ — 2(B—) (O(,"—l— B2 )

Also the continuity equation becomes

620 Lo (Gap)p(p o) (BT

—2p, (B'—a')=0

4. SOLUTION OF THE FIELD EQUATIONS
We have only three independent equations to determine five unknown. Thus the system is indeterminate.
For complete determinacy of the system, we require two more conditions

Case 1

Here we assume an equation of state of the form

(4.1) p=ap
Where ‘a’ is a constant. This gives an additional equation
" ZB ' 2 a ' "
2B "+ —(1—a =—+a
(4.2) B+ ( )B -

Since our set of equation is still incomplete, we will take a suitable choice of one of the metric coefficients.

For this we assume, 3 in
4
(4.3) B=b,r" +b,

Where b, and b, are constants. With this value of 3, equation (4.2) becomes
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2
(4.4) d ‘}+ad —30b,r? —(1—a)16b?r°
dr r dr
Let d_a =p, we have
dr
(4.5) dp 2 o 3oL ¢ —16(1—a)bir

dr r

Equation (4.5) is a linear differential equation in p and r Its solution is given by

doc
dr

—a

32b,r’®
=cC,r

a+3

~16(1—a)bir’
a+7

(4.6)

p=

Where c; is constant of integration. Integration of (4.6) gives

1—a

r 8br

(3+a)

~2(1—-a)b,’r8
(a+7)

(4.7)

<
1

+C

o = 2
—a

Where c; is another constant of integration.
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Now we have four arbitrary constant b,, b,, ¢; and ¢, which are to be determined by the boundary

conditions. If we take r = ry to be radius of cylinder, we have for r > ry (i.e. for

outside the cylinder) the

equation R = 0 (empty space). A well known solution for Einstein equations for empty space with

cylindrical symmetry is that given by Levi-Civita [10] which is given as

(4.8) ds? = —Ar 20 (dr2 +dz? ) —r?79d¢? + r2edte?

Where ¢ and A are constants. We use Licknerowicz boundary conditions, namely that metric

potentials are continuous across the surface r = r,. Thus the continuity of o, o' and B, 3" gives

(4.9 b —_C
1 41‘04
C
(4.10) b, =clogr, ——
4
(4.11) . r’c | 4(1—a)c 2(2a+9)
! 4(1 a)| (a+7)r, a+3
(4.12) c, — Llog A~+c?logr, — : c(2a+9)
27208 o Gar7)° " 2(1—a)(a+3)
15c (1_3)2 2

+8(a+3) - 7(a+7)r,

Thus we have for the interior of the cylinder, the solution
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e—(a+1)

ef(aﬂ»l)

(4.13) _ c (2a+9)
oL ==cC — (S
(a—|—7)r0 2(1—a)(a—|—3)
N 15c (1+€4)_ c (1—a) (e 1)+llOgA
8(a+3) 8(a+7)r, 2
2 c? C(2a+9)
T B T G )y 2(1—a)(a+3)
(4.14) [?,:S(e‘L —1)+c10gr0 where € = —
4 Iy
Also pressure and density are found to be
B B (2za+9)r, (as1)
i o 6<"—a(a 1)L\+7 2(1—a)(a+3) <
(4.15) 8ntp=167t"H"e “* + G
— 45<” 6C(1—a)e +2e? —ce®
2(a+3) (a+7)r,
c (2a+9)
(1_a){(a+7)ro TZ(A—a)(ar3)
(4.16) 8np, =—8np, =167°H’e ** + g
N 15 &2 _c(l—a)e5 R
2(a+3) (a+7)r,
c (2a+9)

(a_l){(a+7)r0 TZ(A—a)(a+3)

(4.17) 8np, =167’H?’e ** +G
__45¢&? 6¢c(1—a)e’ . o

2(a+3) (a+7)r, €<

Where _ ce’(B—o)
1’
CASE 1I
Here we choose
(4.18) 5 —ap,
Then we get an additional equation
ac

(4.19) 2[3"—1—276'—(1—1—61)[3'2 =

Also we assume g same in case | i.e.

(4.20) v=b,r* +b,
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Using (4.20) equation (4.19) becomes

(4.21) d’a ado

i a =32b,r* —16(1+a)b;’r°
r r r

Letting cil_(: =p, we get

(4.22) dp _ 2, _32br? —16(1+a)b*r

dr r

Which is linear differential equation in p and r. It’s solution is

(4.23) p—c 32b,r* 16b*(1+a)r’

—9T T Goa) T (7-a)

Where ¢ is constant of integration of (4.4.23) gives

(4.24) o o 8birt 2b(1+a)r’

1a—|—1+(3—a) 7 —a

Where ¢ is another constant of integration. As in case | using boundary conditions we can find the

constants b’ , b,,, c

<. and also pressure and density can be written similarly.
2

1’
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