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Abstract : In this article, a midpoint convex set has been defined which is
generalisation of convex set in this sense that every convex set is a midpoint convex set but a
midpoint convex set may not be necessarily convex set. Some interesting Theorems also
stablished, and proved.

Translate of a set also defined in this paper.
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1. Introduction:

Midpoint Convex Set :

The line segment joining two points x and y of a linear space in the set of all points of the
form ax + by with a and b are non-negative real numbers such that a + b = 1, or equivalently,
the set of all points ax + (1 — a)y witharealand 0 <a < 1.

This set is denoted by [x : y]. A set in a linear space L is convex if, whenever it contains
x and y, it also contains [x : y]. !

A subset A of a linear space L is midpoint convex if and only if %(x+y) isin A

whenever x and y are in A.?
Thus it is clear that a convex set is always a midpoint convex but a midpoint convex set
may not be necessarily convex set.

Theorem (2.1) :

Let A be a midpoint convex set of a linear space L. Then %A + %A =A.

Proof : Let a be an element of A. Then « =%a+la elA+lA.

22 2

Thusa € A = ae%A+lA

2
HenceActa+la L0
2 2
Conversely, let x be an element of %A +%A.
Then we can write x = %al +%a2 where a, a, € A.

But since A is a midpoint convex,
1 1 1
Sht5a =§(a1 +a,)eA.

Thus x is in A.
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Hence xe%A+%A —xecA

Therefore
14,1
> A+ > AcA
From (2.1) and (2.2), we have
1 1
A==A+=A.
2472

Theorem (2.I1) :
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... (2.2)

If A,, A, are midpoint convex and if A, A, are scalars then L A + LA, is also midpoint

convex.
Proof : Letx,x, be elements of LA + LA,
Then we can write
x,=AA +LA, wherea € A anda, € A,

_ ' ] ] ]
and x, =A,q'+X\,a,',where a" € A, and a,' € A,
But since A and A, are midpoint convex sets,

S0 %(a1 +a,") in an element of A,
1

and E(a2 +a,') in an element of A,

Now %(Xl +x2)=%(7x1a1 + Aoty + 10 + 1))
A

Thus A A, +A,A,is a midpoint convex set.

Theorem (2.I11) :

The intersection of a family of midpoint convex sets is @ midpoint convex.

Proof : Let {Ai} be a family of midpoint convex sets in a linear space L. Then we will

show that (" Ai is also a midpoint convex

1

Let x, y be elements of ) Ai.

Then for each i, x € Aiand y € Ai
But since Ai is a midpoint contex for each i,

Therefore %(x +y) also belongs to Ai for each i

Hence %(x+y) €NAi

Therefore () Ai is a midpoint convex set.

1
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Theorem (2.IV):

Let {Ai} be a family of midpoint convex sets such that A, c A, cA,c....... , that is

Aic Aj whenever i< j . Then |JAi is also midpoint convex.

1

Proof : Let x, y be the elements of | Ai. Then there exist i, j such that x belongs to Ai and

y belongs to Aj . Let us assume that i< ;.
Now since i< j, Aic Aj
Hence xe Ai= xe Aj
Therefore x,ye Aj.

Since Aj is midpoint convex, %(x +y)eAj
Therefore %(x +y)eUAi

Thus x,yeUAi:%(ery)eUAi

Therefore (J Ai is a midpoint convex set.

l

Theorem (2.V):

Let T be a linear transformation from a linear space X to a linear space Y. Then the image
of each midpoint convex set is X is a midpoint convex set in Y and The inverse image of each
midpoint convex set in Y is a midpoint convex set in X.

Proof : Let A be a midpoint convex set in X, Then T(A)cCY. Let Z,» 2, be the elements of
T(A). Then there exists x, and x, in A such that 7'(x, )=z, and T(x, )=z,

Since A is a midpoint convex, Therefore %(x1 +x, ) is an element of A.

Now %(zl Jrzz)z%(Txl JrT)cz)z%T(xl +x,)

:T(%(x1 +x2))eT(A).

Hence T(A) is midpoint convex.

Next, Let B be a midpoint convex in Y.

Then T (B)={x:T(x)eB} cX.

Let x, and x, be the elements of T “(B): Then exist elements z, and z, in B such that
% =T(x1) and z, =T(x2)

Since B is a midpoint convex

%(zl+z2)eB :%(Tlersz)eB

= T(%(Jc1 +x2))eB
= %(x1 +x2)eT_1 (B)

= T -'(B)is midpoint convex.
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Defination :

Let L be a linear space and A < L.If x is an element of L, then x + A defined by

x+A={x+a:aeAl i called a translate of A.
Theorem (2.VI):

Let A be a subeset of a linear space L. If A is a midpoint convex, then any translate of A is
also midpoint convex.
Proof : Let x + A be any translate of A, where x € L. Let y, and y, be elements of x + A.
Then there exist a, and a, in A such that
y=x+a,y,=x+a,
1

Now §(y1+y2)=%(x+al+x+a2)=x+%(al+a2)

Since A is midpoint convex, %(a1 +a,) isin A.

Hence %(y1 +y,) belongs to x + A.

Therefore x + A is a midpoint convex set.
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