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Abstract -In this paper, we consider a discrete-time (�, �) inventory system with positive lead time. We assume that the 

arrival of customers constitutes a Bernoulli process and the lead time follows a geometric distribution. The maximum storage of 

inventory in the system is  �. Whenever on-hand inventory level drops to pre-fixed level �  due to demands, an order for 

replenishment is placed. A maximum of � demands (backlog) are allowed when the inventory level is zero. Various system 

chacteristics are obtained and a suitable cost function for minimum expected cost is also constructed. Matrix Analytic Method is 

used to analyze the system.  
Keywords - Discrete-Time, Inventory, Matrix Analytic Method, Finite–Backlog, Numerical Experiments.  

I. INTRODUCTION 

The first noted work on modelling of inventory problems was done by Harris [4] in which Harris-Wilson economic lot size 

formula was derived. Later, Karlin and Scarf [6] made a systematic study of (�, �) inventory system. An algorithmic analysis 

for finding optimal (�, �) policy was done by Veinott and Wagner [11]. The inventory system with state dependent lead time 

and the dependence between replenishment rate and outstanding orders was considered by Gross and Harris [3]. Manoharan     

et al. [10] investigated (�, �) inventory system with unit demand and non-identically distributed inter-demand times having 

arbitrary distributed replenishment time. A review of the advances of deteriorating inventory literature since the early 1990s 

was done in Hui-Ming and Yu [5]. The models available in the relevant literature have been suitably classified by the shelf-life 

characteristic of the inventoried goods. They have further been sub-classified on the basis of demand variations and various 

other conditions or constraints. Lian and Liu [9] studied a discrete-time (�, �) perishable inventory model with geometric inter-

demand times and batch demands with a zero lead time and allowing backlogs. They constructed a multi-dimensional Markov 

chain to model the inventory-level process and obtained a closed- form cost function. Numerical results that revealed in the 

work have some good properties of the cost function.  

Lian et al. [8] discussed a discrete-time (�, �) inventory model with stored items have a random common lifetime with a 

discrete phase-type distribution. The arrival in batches follows a discrete phase-type renewal process, allowing backlogs. They 

obtained a closed-form expected cost function, by assuming lead-time zero. Numerical results demonstrate some properties of 

optimal ordering policies and cost functions. Abboud [1] introduced a production-inventory system as a discrete Markov chain 

in which machine produces an item at a constant rate. This constant rate is assumed to be greater than the demand rate, and the 

demand is assumed to be known and constant. While operating, the machine can fail, and upon failure it requires service. The 

machine times-to-failure and repair times are random, and during repairs, demand is back ordered as long as the back ordering 

level does not exceed a prescribed amount, after which demand is lost. Krishnamoorthy and Jose [7] analyzed and compared 

three production inventory systems with positive service time and retrial of customers in continuous environment. They 

obtained steady state analysis of the system. Deepthi [2] analysed Discrete-time inventory models with/without positive service 

time in her Ph.D. thesis. The author described the relevant models and obtained steady-state solution to the models. This paper 

is an extension of one of the models described in [2]. 

 The rest of the paper is organized as follows. Section 2 provides mathematical modelling and transition analysis. Stability 

condition and steady state probability vector are derived in section 3. Relevant performance measures are included in section 4. 

Finally, Section 5 provides numerical experiments. 

 

II. MATHEMATICAL MODELLING AND ANALYSIS 

 

The following are the assumptions and notations used in this model. 

 

Assumptions 
 

i. Inter-arrival times of customers are geometrically distributed with paramete �. 
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ii. Service times are negligible. 

iii. The maximum inventory level is �. 
iv. The reorder level is �. 

v. Up to � customer is allowed to enter in the system, when the inventory level is zero. 

vi. Lead time is geometrically distributed with parameter 
.  

vii. Replenishment takes place at the end of slot boundaries.  

 

Let �(�) be inventory level at an epoch m.Then {�(�); � = 0,1,2,3, . . } is a finite state discrete time Markov chain with state 

space {�; −� ≤ � ≤ �} . The transition probability matrix of the process is 

Ssskk LL 11 ++−−  

 

 

 

 

 

 

 

 

 

 

 

 

 

III. STABILITY AND STEADY-STATE ANALYSIS 

 

Since the above Markov chain is irreducible and state space is finite, the system is obviously stable 

 Let � = (��� , �����, … , � , … , �! , … �"��, �") be the steady state probability vector of #. �$′� are given by the matrix 

equation �# = �, �& = 1. On substitution, we obtain  

 

�$ = '��(̅*+
(*+ ,

$����
�����, � = −� + 2, … �,

�!�� = '��(̅*+
(*+ ,

$����
�!,

�!�� = �!�. = ⋯ = �"

 

 On simplification  

��� = �[�(1 − 
)]!��

[� + (� − �)
][� + 
 − �
]!�� ,

�$ = �
[�(1 − 
)]!�$

[� + (� − �)
][� + 
 − �
]!�$�� , −� + 1 ≤ � ≤ �

      = 

� + (� − �)
 , � + 1 ≤ � ≤ �

 

IV.  SYSTEM CHARACTERISTICS 

 

We find some relevant system characteristics  

 

    i.  Expected inventory level, 2�3, is given by  

 2�3 = ∑"
56� 7�5 

 

    ii.  The Expected reorder rate, 289, is given by 

 

 289 = ��!�� 
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    iii.  Expected replenishment rate  

 288 = 
 ∑!
56 :5 

 

    iv.  Expected replenishment quantity, 28;, is given by  

 28; = ∑!
$6�� 
(� − �)�$  

 

    v.  Expected loss rate of customers  

 23 = ���� 

 

    vi.  Expected number of departure after completing the service, 2<�, is given by  

 2<� = � ∑"
56� �5 

 

    vii.  Expected backlog, 2=, is given by  

 2= = ∑��
$6�� (−�)�$  

 

V. NUMERICAL EXPERIMENTS  

        Define the expected total cost (2>?) of the system per unit time is given by  

 

 2>? = @ 289 + @�28; + @.2�3 + @A2= + @B23 + (@C − @D)2<� 
        where,  

 @ : setup cost/order 

 @�: procurement cost/unit/unit time 

 @.: holding cost/unit/unittime 

 @A: backorder cost of demand/unit/unit time 

 @B: cost due tol oss/unit/unittime 

 @C: cost due to service/unit/unittime 

 @D: revenue due to service/unit/unit time 

 

VI. GRAPHICAL ILLUSTRATIONS 

 

      We draw the graphs of 2>? by varying the parameters � and 
 and keeping other parameters fixed. From figures 1 and 2, 

one can observe that the minimum values of 2>? are 1.36 and 2.66 at � = 0.625 and 
 =  0.26 respectively.   

 

� = 10; � = 3; � = 4; 
 = .3; ? = ?� = ?. = ?A = ?B = ?C = 1; ?D = 0.1 

 
Fig.1: p vs ETC 
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� = 10; � = 3; � = 4; � = .62; ? = ?� = ?. = ?A = ?B = 1; ?C = 1.3; ?D = 0.1 

 
Fig.2: q vs ETC 

 

CONCLUDING REMARKS 

      We discussed a discrete-time inventory model with finite backlog. In this model, inter-arrival time and lead-time are 

geometrically distributed. A maximum of � backlogs are allowed in the system. We obtained steady state probability vector. 

Relevant performance measures are calculated. Numerical Experiments are discussed to highlight the important results of the 

model. One can generalize this model by considering discrete MAP arrivals or discrete Phase type service time or both.  
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