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Abstract

We introduce a cycle tracking polynomial of a graph G. The cycle
tracking polynomial of a graph G of order n is the polynomial T(G, )
of G is defined as

n
T(G;z) = Z t(G, i)z’
i=7(G)
where ¢(G, ) is the number of cycle tracking sets of G of size i, and
7(Q) is the cycle tracking number of G. We obtain some properties of
T(G, x) and its coefficients. Also we compute this polynomial for some
specific graphs.
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1 Introduction

The concept of cycle tracking set is introduced in [4] Let G(V, E) be a graph.
For v € V(G), the cycle trace (simply trace) of v is defined as the set of
all vertices u € V such that u and v belong to same cycle of G and is
denoted by Tz (v) . For u,v € V, v is said to be cycle traced (traced) by u if
v € Tg(u). A set S of vertices in a graph G(V, E) is called a cycle tracking
set if for every vertex v € V' \ S, there exists a vertex u € S such that
v € Tg(u). A cycle tracking set is a minimal cycle tracking set if no
proper subset S’ C S is a cycle tracking set. The cycle tracking number
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7(G) of a graph G is the minimum cardinality of a minimal cycle tracking set
of G. The upper cycle tracking number T(G) of a graph G is the maximum
cardinality of minimal cycle tracking set of G. A cycle tracking set with
minimum cardinality is called a 7 — set of G.

A graph G(V,E) is said to be transitive tracking graph if for every u,v,w €
V(G), w € Tg(u) and u € Tg(v) implies w € Tg(v) A graph G(V,E) is said
to be track connected if for every pair of vertices u,v € V(G) there exist
two internally disjoint paths connecting u and v. A vertex is said to be
trace free vertex if it belongs to no cycle.

Through out this paper the letter G denotes a graph of order n.

2 Cycle tracking polynomial of a graph

Definition 2.1. Let G be a graph of order n. Let T'(G, ) be the family of all
cycle tracking sets of a graph G with cardinality i and let ¢(G, ) = |T(G, ).
Then the cycle tracking polynomial T'(G, z) of G is defined as

n

T(Giz)= Y tG, i)'

i=7(G)
where 7(G) is the cycle tracking number of G.

The path Ps on three vertices has only one cycle tracking set with car-
dinality 3 (7(G) = 3) its tracking polynomial is then T'(Ps,2) = 2>.In the
case of the cycle C), on n(n > 0) vertices,

T(Cp,z) = (?)xl + (Z)xQ + (g)ﬁ T (Z)w" —(1+z)"—1.

Theorem 2.1. If a graph G consist of m components G1,Ga, ..., G, then
T(G,z) =T(G1,2)T (G2, z).. T (G, ).

Proof. 1t is enough to prove the theorem for n=2.

For k > 7(G), a cycle tracking set of k vertices in G arises by choosing a
cycle tracking set of j vertices in G for some j such that 7(G) < j < |[V(G)]
and a cycle tracking set of kK — j vertices in G3. The number of ways of
doing this over all j = 7(G1), ...,|V(G1)| is exactly the coefficient of 2 in
T(G1,2)T(Ga,x). So T(G,z) = T(G1,z)T (G, x). O

Theorem 2.2. Let G be a graph of order n. Then
1. t(G,n) =1
2. t(G,i) =0 if and only if i < 7(G) or i >n
3. T(G,x) has no constant term.

4. T(G,z) is a strictly increasing function on (0, 00)
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5. for any subgraph H of G, deg(T(G,z) > deg(T(H, x))
6. zero is a root of T(G,x) with multiplicity 7(G)
7. 7(G) =n if and only if T(G,z) = z"

Theorem 2.3. [}] Let G be a graph of order n. Then 7(G) = n if and only
if G(V,E) is a forest.

Theorem 2.4. Let G be a graph of order n. Then T(G,x) = z™ if and only
if G is a forest.

Proof. T(G,x) = z™ if and only if V(G) is the only cycle tracking set for
G. That is if and only if 7(G) = n. That is if and only if G is a forest (by
Theorem 2.3)

O

Theorem 2.5. Let G be a graph of order n. Then T(G,z) = (1+x)" — 1
if and only if G is track connected.

Proof. If G is track connected then 7(G) = 1 and every vertex traces all
vertices of G. So coefficient of x is n and #(G,p) = (Z) So T(Cp,x) =
()t + ()2 + (0 + .+ (" = (1+2)" 1.

Conversely if T(G,x) = (14 2)™ — 1, the coefficient of x is n. That is, every
vertex traces all vertices of G. Hence G is track connected. U

Definition 2.2. [4]

Let G be a graph with exactly one cut vertex. Let v be the cut vertex of G
and G1, G, ..., Gk, be the components of G\ {v} . If the order of G; is greater
than or equal to three and the graphs induced by V(G;) U{v},i =1,2, ..,k
are track connected then G is called a track connected floral graph. And
the graph induced by V(G;) U {v},i =1,2,...,k are called petals of G.

Theorem 2.6. Let G be a track connected floral graph with k petals with
each petal having m1, mo, ..., my vertices respectively then

tG,p) = (ml me +1 +mk> when 1 <p<k—1 and
p —_—
my 4+ mo + +m p—k+1 m p—k—i1+2 m p—k—i1—iz—...4+J m
1 2+ .. k 1 9 .
t(G,p)—< i >+Z () > () > (J>
b — 11 — 12 — 1
i1=1 io=1 zj_l
p—k—i1—i2—...—ik_1+k—1
k=1 ) \P— 11 — 12 — .. —lg_1

ig—1=1
when k < p <n and

k-1 n
T(G,x) =Y (ml T "'+m’“>x¥’+z Kml e +m’“>+

p=1 p—1 p=Fk p—1
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p—k+1 p—k—i1+2 p—k—i1—ig—...+J
Yz - oz ()
=1 N1 ia=1 2 Q=1 j
p—k—i1—ig—...—ip_1+k—1
L~ k-1 p—1 —12 — ... =11
Zk,1—1

Proof. Case(1) 1<p<k-—1

Then any cycle tracking set S contains the central vertex. So the central
vertex together with p-1 vertices constitute a cycle tracking set S and it can
be chosen in (m1+m;f1‘"+m’“) ways.

Case(2) k<p<mn

Here the central vertex together with p-1 vertices constitute a cycle track-
ing set S and a set of vertices S of cardinality p having at least one ele-
ment from each leaf is also form a cycle tracking set and it can be chosen in

p—k+1 p—k—i1+2 p—k—i1—iz—...+j
-1 1 ] 1
p =1 't in=1 2 ij=1 J
p—k—i1—iz—...—ip_1+k—1
mg—1 mg

Z . . . . ... | ways.

L~ -1 p—t1 =12 — ... — -1

Zk,1—1

O

Let G be a transitively tracked graph then its vertex set can be parti-
tioned into Vi, Vo, ..., Vi of cardinality mq, ma, ..., my respectively such that
the graph (V;) induced by each V; is maximal track connected subgraph of
G. Then a set S of vertices which contains at least one element from each
V; form a cycle tracking set. So a cycle tracking set of G with cardinality p

p—k+1 p—k—i1+2 p—k—i1—ig—...+j
. mi ma m]’
can be chosen in g ( ) g < > g ( ] >

1 1 1
=1 N1 ia=1 2 i=1 j

p—k—i1—ig—...—ip_1+k—1 o "
Z (ikk:ll) (p—i1—i2—k....—ik_1) e | WAYS.
p—k+1 my p—k—i1+2 ma p—k—i1—iz—...+j M
_ J
So t(G,p) = Z <Z1) Z < ) Z <>

tg—1=1
) 1
i1=1 ig=1 2 ij=1 J
p—k—i1—iog—...—ip_1+k—1

l—1 ) \P— 11 — 12 — ... —lg_1 ’

’ik_lil
k<p<n.
The above discussion may be summarized as follows.

Theorem 2.7. Let G is transitively traced and let V(G) is partitioned into
Vi, Vo, ... Vi of cardinality mi,ma,...,my respectively such that the graph
(Vi) induced by each Vi is mazimal track connected subgraph of G. Then
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T(G,x):zn: p_fl <7Zl> p_kil“ (m) ,_.p_k_if_m+j (”fﬂ')

(3 1
p=k | i=1 ir=1 2 i=1 J
p—k—i1—ig—...—ip_1+k—1
L~ k-1 p—1 —1%2 — ... =11
Zk,1—1

Theorem 2.8. [}] Let G' be the graph formed by removing all cut edges of
a graph G. Then a subset S of v(Q) is a cycle tracking set of G if and only
if S is a cycle tracking set of G'.

Theorem 2.9. [4] Let G be a transitively tracked graph. Then the compo-
nents of G obtained by deleting all cut edges of G are precisely the maximal
track connected subgraph of G.

Theorem 2.10. Let G be transitively tracked and let V(G) be partitioned
into Vi, Va, ..., Vi such that the graph (V;) induced by each V; is maximal track
connected subgraph of G. Then T(G,xz) =T((V1),2)T((Va),x)...T((Vin), x).

Proof. Let G be transitively tracked and let V' (G) be partitioned into V1, Va, ..., Vi
such that the graph (V;) induced by each V; is maximal track connected
subgraph of G. Let G’ be the graph formed by removing all cut edges of
G. Then by Theorem 2.8 T(G,z) = T(G’,z) and by Theorems 2.9 and 2.1
T(G,z) = T((V1),2)T((Va), ). T((Vin), ) O

Corollary 2.11. Let G be transitively tracked and let V(G) be partitioned
into V1, Va, ..., Vi of cardinality m1, ma, ..., my respectively such that the graph
(Vi) induced by each V; is mazimal track connected subgraph of G. Then
TG,z)=((z+1)™ -=1)((z+1)™ = 1)...((x + 1)™ — 1)

Theorem 2.12. For a graph G, t(G,1) = 1 if and only if G is a track
connected floral graph.

Proof. Let G be any graph with ¢(G, 1) = 1. Then there exists one and only
one cycle tracking set S with |S| = 1. That is there exist a vertex v € V
such that T (v) = V and no other vertex can trace G. And since 7(G) =1
G must be a track connected floral graph [4]. O

Remark 2.1. For any graph G,

1 if G is track connected floral graph
t(G,1) =< |V| if G is track connected

0 otherwise.

Theorem 2.13. Let G be a graph of order n with r trace free vertices. If
n

T(Gsz) = Z t(G,i)x" is its cycle tracking polynomial, then r = n —
i=7(G)
t(G,n—1).
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Proof. Suppose that A C V(G) is the set of all trace free vertices. Then
by hypothesis, |[A| = r. For a vertex v € V(G), the set V(G) \ {v} is a
cycle tracking set of G if and only if v € V(G) \ A. Therefore ¢t(G,n —1) =
|[V(G\ A)| = n —r. Hence the theorem. O

Theorem 2.14. Let G(V, E) be a graph of order n. Then t(G,1) = [{v €
V(G) : Ta(v) = V(G)}.

Proof. For every v € V(G), {v} is a cycle tracking set if and only if v traces
all vertices. ie; Tg(v) = V(G). O

3 Cycle tracking polynomial for some graphs

In this section we find the cycle tracking polynomial for some graphs.

Definition 3.1. [?] A firefly graph Fs;,—25—2t—1 (s > 0,£ > 0 and n-2s —
st—1 >0) is a graph of order n that consists of s triangles, ¢t pendent paths
of length 2 and n — 2s—2¢—1 pendant edges sharing a common vertex.

Theorem 3.1. 7(Fstn-—25-2t—1) =n — 2s.

Proof. The graph F;,—2s—2:—1 has n — 2s — 1 trace free vertices and the
common vertex traces all s triangles. So the n — 2s — 1 trace free vertices
together with the common vertex form a 7-set. Hence 7(Fs¢n—2s—2t—1) =

n — 2s. O
2s .
Theorem 3.2. t(Fytpn—2s—2t—1,D) = 4o ifn—2s<p<n—s—2
p—n s
95 p—n-+s+2 9 p—n—+s—i1+3 9
dt(Fsin—2s—21— =
an ( s,t,n—2s—2t 1;])) <p o+ 28> + Z <Zl> [ Z <22>
i1=1 i9=1
p—n+s—i1—iz—...4+j+1 p—n+s—i1—i2—...—ls—1+S
> () ¥ ()
ij Is—1

ij=1 is—1=1

2
...... fn—s—1<p<n.
(p—n+28+1—2‘1—712—...—@'3_1>] } ” ifn=s =p=n

Proof. since 7(Fstn—2s—2t—1,2) =n —2s. case(l)if n—2s <p<n—s—2
Then any cycle tracking set S contains the common vertex. So the central
vertex together with n — 2s — 1 trace free vertices and p — n + 2s other
vertices constitute a cycle tracking set S and it can be chosen in (pifjrzs)
ways. case(2)if n—s—1<p<n

Here the central vertex together with n — 2s — 1 trace free vertices and
p —n + 2s other constitute a cycle tracking set S and a set of vertices S of
cardinality p having at least one element from each triangle is also form a
cycle tracking set and it can be chosen in
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9 p—n—+s+2 p—n+s—i1+3 p—n+s—i;—iz—...+75+1
ot X G G- X ()
p—n+2s ] ] s

1 1 (3
=1 1 ia=1 2 ij=1 j

p—n+s—i1—izz:—---—is—1+s < 9 ) ( 9 )
Tg—_1 p—n+2s+1—i1 —19g— ... — 151

1s—1=1

ways. O

é 9 [(p—iSJr 28)

n—s—2
2
Theorem 3.3. T'(Fstp—2s—2t—1,2) = g ( 5 )—i—
p
P

—n+2s
p=n—2s = —
p—n+s+2 9 p—n+s—i1+3 9 p—n—+s—i;—iz—...+j+1 9
(3 1 14
=1 ! in=1 2 ij=1 J

p—n+s—i1—izg—...—is_1+s 9 9
is—l p—n+23+1—i1—i2—...—i5_1

is—1=1

Definition 3.2. A Lollipop graph L, ,, is obtained by joining K, to a path
P, of length m with a bridge.

Theorem 3.4. 7(Ly ) =m+1

Proof. Since a vertex in K, can trace all vertices in it and all vertices of P,
are trace free vertices we need at least m + 1 vertices to trace L, ,,. Hence
T(Lpm) =m+ 1. n

Theorem 3.5. T'(Ly m,z) = ((1 +2)" — 1)a™

Definition 3.3. A Tadpole 7T{, ;) is a graph obtained by attaching a path
P, to one of the vertices of the cycle C,, by a bridge.

Theorem 3.6. (1, ;) =1+1

Proof. Since a vertex in C), can trace all vertices in it and all vertices of
P, are trace free vertices we need at least m + 1 vertices to trace T, ;) and
hence 7(T(,, ) =1+ 1 O

Theorem 3.7. T(T(n,1)) = ((1 +2)" — 1)z!

Definition 3.4. For a positive integer n, a helm graph, denoted by H,, is
obtained from the Wheel W,, by joining a pendant vertex to each vertex in
the outer circle of W,, by means of an edge.

Theorem 3.8. 7(H,) =n

Proof. Since H,, contains n — 1 pendant vertices, all these vertices belong
to every cycle tracking set. Since W, is track connected, a vertex of W,
together with the pendant vertices form a minimal cycle tracking set. So
T(Hp) = n. O
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Theorem 3.9. T(H,) = ((1 +z)" — 1)z}

Definition 3.5. For a positive integer n > 3, a web graph WB,,n > 3 is
obtained by joining the pendent vertices of a helm H,, to form a cycle and
then adding a single pendent edge to each vertex of this outer cycle.

The web graph W B,, has 3n — 2 vertices and 3(n — 1) edges.

Theorem 3.10. 7(WB,) =n
Theorem 3.11. T(WB,)) = ((1+z)?>"1 — 1)z}

Definition 3.6. A friendship graph F;, is the one point union of n copies
of the cycle Cj.

Since F,, is a track connected floral graph with n petals each having 3
vertices we have:

Theorem 3.12. 7(F,) =1
Using Theorem?2.6:

() 1<i<n-1

(inl) +(;1)2" " n<i<2n

1—n

Theorem 3.13. t(F,,i) = {

9 4
and T(Fp,x) = 2+ 2nz? + ..+ ( . I P !
i n

+ 2n 42" 2" .+ .Qn T D A B - ey
n—1 j—1 j—n

Definition 3.7. An armed crown C,, (-) P,, is a graph obtained by attaching
path P, to every vertex of the cycle C,.

Theorem 3.14. 7(C,, O Py,) = mn+1

Proof. Since a vertex in C),, can trace all vertices in it and the remaining
mn vertices are trace free vertices. So we need at least mn + 1 vertices to
trace Cp, ) Py,. Hence 7(C), O Py) =mn+1 O

Theorem 3.15. T(C), ® Py,) = ((1 4+ x)™)z™"

The corona of two graphs G1 and G is the graph G = G1 o G5 formed
from one copy of Gy and |V (Gy)| copies of Ga, where the i'h vertex of Gy
is adjacent to every vertex in the ith copy of G [?].

Theorem 3.16. For any graph G of order n, 7(G o K1) =n+ 7(G).
Theorem 3.17. T(G o Ky,z) = T(G, x)x"

Theorem 3.18. Let G be a graph with n vertices and H be a connected
graph with m(m > 1) vertices. Then 7(G o H) = n.
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In particular if G = Ky, then 7(Kj0 H) =1

Corollary 3.19. For a connected graph H of cardinality m(m > 1), T(K;o
H,z)=(1+2z)" —1.

Proof. Since Ky o H is a track connected graph with m + 1 vertices, T (K7 o
H,z)=(1+z)"t! -1 O

Theorem 3.20. Let G be a graph with n vertices and H be a connected
graph with m(m > 1) vertices. Then T(G o H,z) = [(1 + z)™T! — 1]".

Proof. 1t is enough to prove for n=2

For k > 7(G o H) = 2, a cycle tracking set of k vertices in G o H is chosen
by selecting 7 (1 < j < k — 1) vertices from first copy of K; o H,, and k — j
vertices from second copy of Kj o H,,. The number of way of doing this over
all k = 2,3,...,mn is exactly the coefficient of z* in [(1 4+ z)™*! — 1]2. So
T((Go H,z) = [(1+x)™" —1]2 O
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